We prove a structure theorem for conic involutive varieties of the cotangent bundle of a smooth algebraic variety X whose projection on X is smooth. The paper includes an example of a conic involutive variety of T ଙ X which is not the characteristic variety of any D D -module. ᮊ 1997 Academic Press X
Ž . form of T X. Using this one can show that Ch M M is an involutive subvariety of T ଙ X. Geometrically this means that the skew-orthogonal Ž . complement of the tangent space of Ch M M at each regular point is contained in the tangent space itself.
The fact that characteristic varieties are involutive severely restricts them. For example, an involutive variety of T ଙ X cannot have dimension less than that of X. In this paper we discuss another one of these
is a K-linear map induced by the canonical projection. Ž . Let f , f g S A be homogeneous elements of degrees k and k , Ž . 
Ž . Ž .

A S A J
Ž .
Note that is not necessarily injective, even though the module homo-Ž . Ž . morphism 2.2 is an embedding. If f g S A , then f will denote its image Ž . in S A . A simple diagram chase shows that the image of Der B under Ž .
The following lemma will be used in the proof of the main theorem of w x this section. It is proved in 7, Sect. 14.6.4 . Recall that a derivation D of a K-algebra S is locally nilpotent if, given a g S, there exists k g ‫ގ‬ such k Ž . that D a s 0.
LEMMA. Let S be a K-algebra and let D be a locally nilpotent
Ž . deri¨ation of S. Suppose that for some t g S one has D t s 1. Then: ,a sѨ a s1.
Ž . 
But,
Since S A is generated by Der A Ž .
.w x over A, we conclude that S A s S B , from which it follows that Ž .
X X w x Now let I s I l R. Clearly I : I and we will show that the two are equal. Since I is involutive and contains a, then I satisfies
as required.
Now assume that B is a quotient of A that is also regular. Then we have the embeddings
A which in turn give embeddings Ž .
Since X is smooth, each one of its points has a neigh-
bourhood which admits a system of coordinates. If U has a system of ଙ < coordinates, then T X is trivial and, in the notation of Sect. 1, coordinates. Then there exists a 1-form , defined on the whole of T ଙ X < and such that s ␣, for j s 1, . . . , k.
U j ଙ Ž . We say that a subvariety W of T X is involutive or coisotropic if the ideal of W over any affine set U with a system of coordinates is < involutive for the Poisson bracket defined by . Thus involutivity is a U local property. It is not difficult to show that an involutive variety has dimension G n. For a more general approach to lagrangian varieties w x see 5 .
We will see many natural examples of involutive varieties in the next section. Let us first prove a global version of Corollary 2.4. Let Y be a 
Thus it is enough to prove the theorem under the additional hypothesis that X is affine and has a system of coordinates x , . . . , x such that the equation of Y in X is x s 0.
Since this is a system of coordinates, there exists a derivation Ѩ of
Sect. 1. Thus gives rise to a map
The most important special case of Theorem 3.1 is the following
COROLLARY. Let W be a conical, irreducible, in¨oluti¨e sub¨ariety of
Proof. Once again it is enough to prove the result locally. Then, we can suppose that X is affine and Y is given by x s 0, . . . , x s 0 in X, where 
< X be the canonical maps. Since T X ; T X , we denote by 
where T ଙ X is the zero section of T ଙ X. 
EXAMPLE. Suppose that X is an affine variety and that dim
The dimension of an involutive subvariety of T ଙ X cannot be less than n. Involutive varieties of dimension n are very important in sympletic geometry; they are called lagrangian subvarieties. Equivalently, a subvari- 
Ž .
If W is not smooth, then the conclusion of Example 4.4 must be weakened.
THEOREM. Let W be a conical, irreducible, in¨oluti¨e sub¨ariety of
T ଙ X. If W
is lagrangian, then W is an irreducible component of the characteristic¨ariety of a holonomic
and, as in Theorem 4.2,
where i: V¨U is the closed embedding. Denoting by j:U¨X the open embedding, we have that
. But holonomy is preserved by direct images. Hence
Unfortunately this is the best one can do in the general case, as shown by the example in the next section.
AN EXAMPLE
In this section we give an example of an irreducible lagrangian variety which is not a characteristic variety. The example is well known to the experts, but does not seem to have appeared in print before. We include it here for the sake of completeness.
n Ž . Let X s ‫ށ‬ ‫ރ‬ be the affine n-space with coordinate functions x , . . . , x . Put f s x 2 q иии qx 2 and let V be the variety f s 0. This is the 1 n 1 n quadratic cone in X, and it is nonsingular except at the origin. In other
words, if X s X _ 0 , then V s V l X is nonsingular subvariety of X . Now let W be the closure in T ଙ X of the conormal bundle of V X in T ଙ X X . This is sometimes called the conormal¨ariety of V in T ଙ X. We will denote by the canonical projection of T ଙ X on X. Let , . . . , be the coordinate functions of the fibers of T ଙ X. The 1 n coordinate ring of T ଙ X will be identified with the polynomial ring in the variables x , . . . , x and , . . . , . Let J be the ideal of this polynomial 1 n 1 n ring generated by f, Ý n x , Ý n 2 , and by where is a nonzero complex number. It easily follows from these equations that
Ž .
Since W is, by definition, the closure of W l U in T ଙ X, it follows that it is Ž . an irreducible component of Z Z J . Let Y be another irreducible compo-Ž . Kashiwara's equivalence to conclude that An easy calculation shows that
where d and f act only on the first factor of the tensor product and w x w x f и d s y2 in ‫ރ‬ d . For more details see 1, p. 259 . w x In 3 it is proved that the module of derivations of V is generated by 
where L is the left ideal of D D X generated by E q 2, f, and ⌬ , for
THEOREM. If n G 5 is an odd integer, then
Proof. A straightforward calculation shows that
for i / j, and so
Let us calculate the characteristic variety of M. We have seen that if
Hence W is an irreducible component of Ch M . It also follows from the Ž . above equation that if Ch M has another irreducible component then it must be equal to T ଙ X.
We will show that this cannot
It is easy to prove, by induction on k, that 
Ž
. Ž .
q q V
Since M is irreducible by Theorem 5.2, it is a submodule of Ž Ž . .
since X is affine. Proof. As we have noted above it is enough to prove that W a is not a characteristic variety. Throughout the proof we will work in the analytic category, but we will omit the superscript a from the notation to make it easier to digest.
Let N N be a coherent left D D -module whose characteristic variety is W.
Since W is irreducible and N N is holonomic, we may assume that N N is irreducible. Let 
